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Introduction

Following Kripke, tableau rules should be designed in order to propagate formulas
in a tree so that it simulates the properties of a Kripke model, which is not simply
a tree, but has additional features. E.g., a tree with the S4 rule “if OA is present
in some node then transport it into all successors” should behave as if the tree were
transitive.

In the standard approach the propagation of formulas is only top-down; moreover,
using only trees as underlying structures is too restrictive: it is difficult to design
tableaux methods for some logics like those based on a density axiom (Op — OOp)
or on a confluence axiom (COp — OOp); this seems to indicate that trees are not a
good basis for such properties.

We present here a new basis that is characterized by two ideas:

1. the propagation of formulas need not to be top-down,
2. the underlying structure need not to be a tree.

In [2-]_;, :_I-Ei, ﬂ, :_2-(_}}, the first idea has been investigated. Their work is intimately mixed
with another feature: the so called single-step rules. Such rules allow to propagate
formulas only from one node to one of its successors or predecessor in the tree. We
generalize this notion to “pattern-driven rules”: rules apply if some elementary pat-
tern in the mathematical structure has been matched.

Besides, we will show that while trees are a good basis for tableaux for many
usual modal logics (tableaux for systems K(D)(T)(4) are based on trees), they fail to
support in a comprehensive way confluent or dense relations for example, and bimodal
confluent systems too, i.e. systems which semantics is such that there may be several
paths from the root of the structure (the tableau under computation) to some given
world. This feature requires that the reasoning about the accessibility relation should
be separated from the reasoning about formulas. At least two main approaches may
be first considered:

e By the use of labels [2-1_:, :_1-5, 'ﬁ, Z-Q', :_l-gﬂ where each possible world is associated with
a label (its path from the root, the set of all path may be considered as a spanning
tree of a graph) and an equationnal theory is needed in order to specify which
paths denote the same world.

e By the explicite use of the accessibility relation, as explored in [:1:, E]; this turns out
to be a model-construction approach. But their work focuses on “grammar logics”
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(multi-modal logics with axioms of the form [a1]...[an]p — [b1]...[bm]p) and
mainly study their connections with formal languages, thus excluding properties
like symmetry, euclideanness, confluence; moreover, it does not seem possible to
extend decidability results and decision procedures for a property like density in
their framework.

Our position (partially-explicit use of the accessibility relation), while being close to
that of Baldoni et al. is different at least because as long as possible, we do not
completely compute the accessibility relation: for example, we do not compute its
transitive closure but simulate it by propagation of formulas. We compute it only for
existential properties (one may find more examples in B]) and handle properties they
cannot.

We argue that rooted directed acyclic graphs (RDAG for short), which are DAGs hav-
ing a distinguished node called the root, are better suited. They allow to naturally
handle some properties that do not marry easily with tree structures (like confluence,
density, and also, permutation in the multi-modal case), while other properties (like
transitivity, symmetry, ...) can still be handled by the propagation of formulas.
Moreover, we believe that discovering decision procedures for density and confluence
was possible at least because of the very intuitive aspects of our framework.

This leads us to identify two kinds of tableaux rules:

1. propagation rules
2. structural rules.

The former are formulated as “if in some node of such pattern there is such formula,
then propagate such formula (the same or another one)”, while the latter are “if there
is such pattern then add some new node(s) and edge(s)”.

They respectively correspond to two different families of axioms (relational proper-
ties):

e Propagation rules correspond to axioms T, 4, B and 5 (properties of reflexivity,
transitivity, symmetry and euclideanness, respectively);

e Structural rules correspond to axioms D, De and C (respectively properties of
seriality, density and confluence). Also, in section g, we will investigate some
cases of bimodal logics with a permutation axiom.

What do we gain by this new perspective? It holds in a few words: simplicity,
naturality and modularity, both in the definition of a tableau calculus for a given
system and in its correctness proof. First, for the classical connectives as well as for
<&, rules and correctness proof are common to all systems. There only remains the
case of structural rules, and of propagation rules for O that are treated in a really
simple, natural and modular way.

Generally speaking, a tableau is a structure (usually a tree, in our case it will be
an RDAG) whose nodes are labelled by sets of formulas. The completeness proof of a
tableau method is in two main steps: the construction of a model from this structure,
and the verification that this model satisfies the formulas of the nodes (the so-called
Fundamental Lemma).
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The first step is usually done by adding new arrows to the structure, according to
the particular property of the accessibility relation of the logic under concern. For
example, for the system S4 the accessibility relation is reflexive and transitive. Hence,
given a tree (the underlying structure for S4), we must close it under reflexivity and
transitivity in order to make an S4-model of it. In other terms, we must characterize
when two nodes are related in the resulting closure. Then we can say that for a
given node z another node y will be accessible from z if there is an n > 0 and
X0y .-y TiyTitl,---,Tn such that xo is z, x, is y and z;41 is a child of z; in the
original tree. From this characterization of the closure of the initial tree under the
additional properties of the logic under concern, we can “read off” the rules to be
designed. Thus,the rules will ensure the correct propagation of formulas, the proof
being very easyt. This gives naturality and simplicity. In addition, the rules that we
have obtained fit closely to the intuition.

Modularity is achieved since we obtain tableaux calculi whose completeness proofs
are neatly separated into three components:

1. the Relational Closure Lemma (lemma :_l-_f):) where the properties of the closure
of an RDAG under some relational properties are expressed in terms of the initial
RDAG,

2. the Structural Lemma (lemma :_l-j:) where we check that the closure of an RDAG
under some relational properties preserves some of its initial features (e.g. the
transitive closure of a confluent RDAG yields a confluent relation, but not neces-
sarily an RDAG),

3. the Box Lemma (lemma f1.11)) where we check that whenever z and y are related

in the closure, and OA € x then the set of associated rules ensures that A was
transported into y.

The rest of the completeness proof is completely factorized. We also present a sound-
ness result for the tableaux calculi we define.

Then we address the decidability issues by introducing the notion of a kernel. For
each logic we are intested in, we identify those finite structures that can simulate
infinite ones: e.g. it is well-known that kernels for KD4 are finite trees. as a result we
obtain for KD4 plus confluence, and KD4 plus density, new semantical characteriza-
tions, and as a consequence, we obtain a PSPACE upper bound for the complexity of
satisfiability for these logics. We will go back to this in section 2

For backgrounds about tableaux for modal logic, the reader may look at [8], [:__I-gl],

3], [15].

We will first concentrate on some basic monomodal and temporal logics, and in-
vestigate, in section :3, some cases of bimodal systems mixing temporal and modal
concepts.

1The correctness proof mainly consists of results of relational calculus.
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At the end, some remarks are given on Lotrec which is a generic theorem prover
based on the notions presented in what follows and which allows to implement in a
friendly way many of the modal and temporal logics used in applications.

1 Complete tableaux for monomodal logics

1.1 Modal logics and relational properties

A modal logic can be specified syntactically or semantically. We recall what the links
between these presentations are.

The modal logics we consider are all obtained by extending the basic modal logic
K by one or several of the well-known axioms T, B, 4, 5, D, De (axiom of density:
Op — OOp) and C (axiom of confluence: ¢Op — OOp). Thus KDC4 denotes the
modal logic obtained by adding the axioms D, C and 4 to the basic system K.

With each of these axioms can be associated a relational property of the accessibil-
ity relation of the Kripke models:

Axiom Property Notation
T=0p—p reflexivity Ref

4 = Op — Odp | transitivity Tr
B=<0p —p | symmetry Sym

5 = O0p — Op | euclideanness | Fucl

Group 1: Properties handled by propagation rules

Axiom Property Notation
D=0Op—<p seriality Ser

De = Op — OOp | density Dens

C = <o0p — OOp | confluence | Conf

Group 2: Properties handled by structural rules

As a consequence of Sahlqvist’s theorem [2-4], a system based on K plus any com-
bination of these axioms is characterized by the Kripke models whose accessibility
relation satisfies the corresponding properties. Thus, KD4 is characterized by Kripke
models where the accessibility relation is both serial and transitive; for KT5 reflexiv-
ity and euclideanness are required (and, as a consequence, transitivity, seriality and
symmetry).

From now on we will indistinctly denote a modal system by KA;...A,,, where each
A; belongs to group 1 or 2, or by a set p of its accessibility relation properties; we
will write p = p1 U pe where p; is a maximal subset of properties of group 1 (maximal
here means “including all those of group 1 which are a consequence of it”: thus,
symmetry and transitivity imply euclideanness: any set p; that contain Sym and Tr
must also contains Fucl), and ps is a subset of properties of group 2. E.g. KCD4 will
be denoted by {Ser, Tr, Conf}, KDeB4 by {Sym, Tr, Eucl, Dens} (since euclideanness
is a consequence of transitivity and symmetry).

Definition 1.1 Given a set p of relational properties among group 1 and 2, a p-model
is a Kripke model whose accessibility relation satisfies p. A formula is p-satisfiable iff
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it is satisfiable in a p-model. It is p-valid iff it is valid in the class of all p-models,
this will be denoted =, A. Thus A is a theorem of a system denoted by a set p of
properties iff it is p-valid.

1.2  Preliminaries and notations

The tableau calculi we are going to present are based on RDAG (rooted directed acyclic
graphs) having additional properties; let p be the set of these additional properties,
we define:

Definition 1.2 A labelled p-RDAG is a triple (N, 3, @) where:

e (N,X) is a directed acyclic graph (DAG), i.e. a directed graph that contains no
cycle, with a distinguished node called the root that can access every other node
in the transitive closure of X,

e (N, X)) satisfies all the properties of p,

e & is a function that associates additional information with each of the nodes: if
is a node, ®(x) is a set of formulas.

By abuse of notation and for the sake of notational economy, we will make no dis-
tinction between the nodes and their associated sets of formulas; thus we will write
A € x instead of A € ®(x). Also by abuse of notation, we will sometimes denote a
p-RDAG (N, X) by the binary relation . Thus we will make no distinction between
labelled structures and structures.

This notion also extend to graphs:

Definition 1.3 An RGRAPH is a graph that has a root, and a p-RGRAPH is a RGRAPH
that satisfies all properties of p.

As usual, X(z) will denote the set of nodes accessible from z by X: X(z) = {y €
N:(z,y) € ¥}. Also, X" will denote the pairs (z,y) such that there is a path of
length n between z and y. The diagonal relation: {(z,z):z € N'} will be denoted by
I and also by X°.

For the sake of clarity, we will use a diagrammatic representation for RDAG. The fig-
ure below gives the intended meaning of those diagrammatic representations in which
the edges are implicitely left-to-right directed®:
R denotes a node S
504451 denotes (50,51) € &
1
S0 s> denotes (S0, S1), (S0, 52), (S1,52) € &
So.<:z1 denotes (50, 51),(50,52) € £

so.<:§1>.s3 denotes (S0, 51), (S0, 52), (S1,53), (52, $3) € ©

=

2Note that RDAG are of course antisymmetrical.
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The last two diagrams do not involve any order between S1 and S2, e.g.

50 <1 can be represented as well by so <2
2 1

1.3 Closure of RGRAPH

We define the following closure operation on RGRAPH:

Definition 1.4 Let X be an RGRAPH over a set A/ and p a set of relational properties
of group 1; the p-closure of ¥ (denoted by ) is the least RGRAPH that contains 3
and which satisfies every property of p.

This p-closure always exists if the properties are among { Ref, Tr, Sym, Eucl}. A very
important point is that for properties of group 1, the closure can be expressed in
terms of the initial RGRAPH. E.g. the transitive closure of an RGRAPH X is defined
by: (z,y) € 27" iff In > 1 such that (z,y) € X" (c.f. def A.T). Note that we do not
consider here properties of group 2: it makes no sense to talk about closure under a
property of group 2. This is the reason why they are handled in a different way: no
propagation rule can simulate them.

Lemma 1.5 (Relational Closure Lemma)
Let ¥ be an RDAG over a set A/ of nodes:

o (z,y) € R iff (z,y) €T orz =y.
o (z,y) € 25V iff (z,9) € ¥ or (y,x) € X
o (z,y) € XTI iff In > 1 such that (z,y) € X"

o (7,y) € 2Euiff (z,y) € ¥ or Ju € N In > 1 Im > 1 such that (u,r) € X" and
(u,y) € Z™.

o (z,y) € BRSSymiff (x.y) € X orx =y or (y,z) € T
o (z,y) € BFLTT iff In > 0 such that (x,y) € X"

o (z,y) € XEeSBucl iff 3n > 0 3wg = @,. .. 24, Tis1, -+ T = Y (T4, Ti31) € X o1
(xi-i—lwfi) €.

o (z,y) € ™I iff In > 1 Jzg = 2,... 24, Tit1, -+ Tn : (Ti,Tip1) € B or
(xi+1,xi) €.

o (z,y) € XTmFueliff 3y € N In > 0 Im > 1 such that (u,r) € X" and (u, y) € ™.

PROOF. Straightforward consequence of the lemmas :B:lE and EB:ZE of the appendix. W
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Lemma 1.6 The remaining cases are reducible to those of the previous lemma:
ZSym Fucl __ ESym Tr,Eucl __ ESym Tr
° ZRef Sym,Tr __ ERef Tr,Eucl __ ZRef Sym,Eucl __ ZRef Sym,Tr,Eucl __ ERef Eucl

PrROOF. Straightforward. [ |

The above lemma will be a powerful tool for proving completeness: it will allow to
define a model for a formula from an open tableau. But this is not the whole story.
As we previously said, some properties are handled structurally; roughly speaking
seriality, density and confluence are treated by the underlying “kind” of RDAG of
the tableaux. When in the completeness proof we must close the RDAG under one or
several properties of group 1 (note that after this closure operation, the initial RDAG is
no longer an RDAG but an RGRAPH), we must also check that its structural properties
are preserved after this closure (i.e. that it is still of the same “kind”). E.g. we must
prove that the transitive closure of a confluent RDAG is still confluent. This is the aim
of the lemma below:

Lemma 1.7 (Structural Lemma) Let py be a subset of group 2, p; a subset of
group 1 and let X be a pa-RGRAPH over a set N of nodes. Then X! is also a po-
RGRAPH and hence is a (p1 U p2)-RGRAPH.

PROOF. See appendix :_E-§I [ |

1.4 Rewriting RDAG

Usually, tableaux calculi consist in rewriting a structure by using some appropriate
set of rewriting rules (or simply rules). But before presenting our rules, we want to
propose some visual conventions; as usual, S, A denotes S U {A}:

S . = S’-A

rewrite the node S into the node S U {A}, i.e. add the formula A to the node S,

Sy = Se_ oSI
add the new node S1 to the successors of the node S,

S0e___oS1 = S0,Ae__4S1,B
add the formula A to the node S0 and B to S1,

S0e 5L 52 = 50,4, LB , s2¢

add the formula A to S0, B to S1 and C to 52,

.<j :>SOA,<j
2,C

add the formula A to S0, B to S1 and C to S2.

1 1
50 <:i = 50 53
2 p)

add the new node S3 as a common successor of the node S1 and 52,
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2
S0 o51 = SOA&

add the new node S2 between S0 and S1.

This presentation allows to implicitly take into account constraints on the applicability
of rules: e.g. a rule such as
S0e 20040 50 = s0, 9104, 52 04 reads “add OA to any successor of S1

if S1 has a predecessor and contains OA”.

1.5 Rules

Here are the rules we need:

e Classical and < rules:
—Rule L: AgA4S5— A4,,4,L1,8
—Rule =: " @A S= A4S
—Rule A: A)BS= A)NBABS

—Rule v: ~(@AB),S— —~(AAB),C,S
where C' is one of =A and - B

—Rule &: 45 = 04,5, 4
e Propagation rules:
—Rule K: 0A,S¢  ¢S1 = 0A,Se__ o4,51
—Rule T: 545 — B4,4,5
—Rule 4: S,044  ¢S1 = S, 0Ae__ oS1,04

—Rule B: Se_ ¢S1,0A4 = S,Ae__ oS1,04

1,04 1,04
— Rule 5_,: S.<i :>S.<i
2 2,04

—Rule 51: S¢ 451,04 = 5,04, 451,04

o PLDBA 59 pa

~Rule 5;: 54 5074, 50 =5
e Structural rules:

—Rule D: S, = S¢___ o0
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—Rule De: 50,451 — SO.A.Q

Tableau rules

Of course, it may be discussed why not to consider rule < as a structural rule.
This decision is quite arbitrary, we consider that structural rules are those describing
an existential property of the accessibility relation, while rule < correspond to the
expression in the object language of the existence of objects. Thus, we will sometimes
consider rule < as a structural rule for convenience.

1.6 Tableau calculi

In order to define a tableau calculus for a system denoted by p; Ups, we must associate
a set of rules with it. All the tableaux calculi we are going to define contain: the clas-
sical rules and the rule < plus the rule K (as these rules are common to all tableaux
calculi, we will henceforth omit them) plus none or some structural and propagation
rules.

A tableau calculus for a system denoted by (p1 U pz) is obtained by taking (in
addition to classical, & and K rules) the rules corresponding to properties of (p1 U p2);
this correspondance is given in the figure below.

Properties | Rules

Group 1 | Ref T Propagation
Sym B Rules
Tr 4
Fucl 51 5] 5,

Group 2 | Ser D Structural
Dens De Rules
Conf C C*

We define what we call naive tableauz, i.e. tableaux computed with no strategy,
particularly strategies ensuring termination. We will see such strategies in section -ﬂ

Definition 1.8 A (naive) (p1 U p2)-tableau for a formula A is the limit of a sequence
Yo,---, i, Tit1,... where T; = (N;,3;, ;). It is the limit in the sense that N' =
U1>0Ma E=Uis0 26 2@ € N) =Uispzen; Pi(2)

In addition we must have:

e T is an RDAG consisting of only one node whose associated set of formulas is { A},
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e T, is obtained from Y; by applying either a classical rule, or the < rule, or the
rule K, or a rule of (p; U p2)

e and in which every applicable rule has been applied once.

Definition 1.9 A tableau is closed if some node in it contains L; itsis open otherwise.
A formula is p1 U po-closed iff all its (p1 U p2)-tableaux are closed ®.

Of course, as implicitely stated above, we make the usual assumption of fairness: if
at some iteration ¢, some rule is applicable then for some j > 7 the rule has been
applied (Note that any applicable rule remains so until it has been applied). Thus,
saying that completeness and soundness rely on the fairness assumption consists in
saying that they only hold for fair algorithms. For example, an algorithm that would
apply rule (D) first (hence with a priority greater than that of other rules) would not
be fair since rule (D) may be applied infinitely giving no chance to apply any other
rule.

1.7 Completeness

In this subsection we prove the completeness of our tableaux calculi. We show how,

from a given open (p; U pa)-tableau for A we can construct a (p; U p2)-model for A.
Let T be an open (p; U pa)-tableau for A. Y is a pa-RDAG where T = (N, X, @)

with root r, since structural rules corresponding to ps ensure that T satisfies ps.

Now let u = (W, R, 7) be the Kripke model defined as follows:

Definition 1.10

oW =N
e R is the pj-closure of ¥, i.e. R =X
o for all w e W, w € 7(p) iff p € w (in fact iff p € &(w)).

By construction, u satisfies properties of p; and, by the Structural Lemma (lemma
1.7), it also satisfies the properties of py; hence it is a (p1 U p2)-model. What remains
is to prove that it satisfies the formula A. We first establish the following important
lemma:

Lemma 1.11 (Box Lemma) Let T = (N, X, ®) be a (p; U pa)-tableau with root r.
Let z,y be such that (z,y) € X' and OA € x; then A € y.

PRrROOF. There are nine cases, according to p1; we only prove the lemma for some of
the most complex cases (all involving euclideanness):

e p1 = {Eucl}: if (x,y) € ¥ then by the Relational Closure lemma, we have either
(z,y) € ¥ and then A € y (by rule K), or Ju € N 3n > 1 Im > 1 such that
(u,z) € ¥™ and (u,y) € ™ . Hence we both have

3Due to the rule V, a formula may have several distinct tableaux.
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Jro =y Xy, Tig1, ey By = W (g1, 2;) € X; then DA € z; for 0 < i < n
(by rule 57 n times), in particular: OA € x,_1 and OA € z,, = u.

and Jyo = Uy, Yiy Yit1s -5 Ym = Y (Yi, Yir1) € X; hence OA € yy (by rule 5_,
since OA € x,—1) from which we get OA € y; for 1 < ¢ < m (by rule 5; m — 1
times) and since also OA € x,, = u = yg, we have OA € y; for 0 < ¢ < m. Hence
A € y; for 1 < i <m (by rule K), in particular A € y.

e p1 = {Tr,Eucl}: if (x,y) € X** then by the Relational Closure lemma, we have

Ju € N In >0 Im > 1 such that (u,z) € X" and (u,y) € ™. This implies that:

In>03zg=2,...,% Tit1, ..., Tn = U (Tiy1,x;) € X; then OA € zp implies
OA € u (by rule 51, n times)

and Im > 0 Jyo = Uy .., Yis Yitly - - Ymt+1 = Y: (Ti,Tip1) € X; hence OA € u
implies OA € y,,, (by rule 4, m times) and A € y (by rule K).

e p1 = {Sym,Tr, Eucl}: if (z,y) € ¥ then by the Relational Closure lemma, we
have 3n > 1 Jxg = x,..., &4, Tig1,. - Ty = Y (@, Tiq41) € X or (Tig1,25) € X
but OA € zy and OA € z; = OA € z;41 (by rule 4 or 51, according to whether
(i, xiqy1) € X or (Ti41,2;) € X). Thus OA € z; for 0 < i < n and hence A € z;
for 0 <i<n+1 (by rule K or B). Thus A € y.

The following fundamental lemma brings us to the desired conclusion:

Lemma 1.12 (Fundamental Lemma) Let T be an open (p1 U p2)-tableau for A,
let ;o be the (p1 U pz)-model defined as in definition 1.10 w.r.t. YT and let B €
Subformulas(A) then: (i) if B € x then y,z = B.

PRrROOF. (By induction on the structure of B: W.l.o.g we can suppose that B is writ-
ten with only =, A, L and O).

Induction initialization: let B be an atom; then (i) holds by definition of .

|‘
Induction step:

e B cannot be 1, otherwise T would be closed.

e Let B be =—C.
—Cecx
= C € z (by rule -)
= p,xz = C (by IH)
= p,x = --C.

e Let B be (CAD,).
(CAD)ex
= C €z and D € z (by rule A)

4In this proof, when we say “by rule R” we mean “by rule R and by the fairness assumption that rule R has been
applied”.



62 A General Framework for Pattern-Driven Modal Tableaux

= p,z =C and p,x = D (by IH)
= p,x = (C A D).

e Let B be =(C A D).
~(CAD)ex
= =C € x or =D € z (by rule V)
= p,x =-C or p,x |=—-D (by IH)
= p,x =-(C A D).

e Let B be -0OC
-0C e x
= there exists y such that (z,y) € ¥ and -C € y (by rule <)
= there exists y such that (x,y) € R, and p,y = —C (by IH and definition of R)
= p,z = -0C.

e Let B be OC and suppose (z,y) € R = X°'; then by the Box Lemma (i:l:l:),
C € y. Then by IH, it comes p,y |= C. Hence, u,z = OC.

As a direct consequence of the previous lemma, we have:

Corollary 1.13 If A has a fair open (p; U p2)-tableau then A is (p; U p2)-satisfiable.
Hence our tableaux calculi are complete under the fairness assumption.

1.8 Soundness

In this subsection, we prove the soundness of our tableaux calculi: if a formula A
is (p1 U pa)-closed then A is (p1 U p2)-unsatisfiable. The technique we use for prov-
ing the soundness of our tableaux is simple. We prove that all rules preserve the
“satisfiability” of the pattern involved in its application. In our sense, a pattern is
(p1 U pg2)-satisfiable iff there exists a (p1 U p2)-model that contains it and satisfies its
formulas. We formally develop this below.

Definition 1.14 Let T = (N, 3, @) be a labelled (p1 U p2)-RDAG and u = (W, R, T) be
a (p1 U pa)-model; let h be a function such that h(N) C W and Vny,ng € N: (ny,ns) €
Y = (h(n1),h(nz2)) € R.

e h is called an embedding from Y to p (or h matches Y to p);
o u satisfies T via h iff Vn € Nt A € ®(n) = p, h(n) E A;
o satisfies T iff there exists an embedding i from T to p such that p satisfies T

via h.

Lemma 1.15 Let T = Y’ be a rule of some set p (resp. T = T’ or Y for rule

V); then if some p-model p satisfies T then it satisfies Y/ (resp. then it satisfies T’ or
TN).
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PrOOF. If we suppose that p satisfies T via some embedding h we just have to exhibit
an embedding h’ such that p satisfies Y/ via b’ (resp. such that p satisfies T/ or T”
via h’). This is done by analysing every rule. We only do it for the < rule, for one
structural rule and for one propagation rule. For classical rules, it is immediate: just
take h/ = h.

eRule O : T = (N = {no},X = 0,2 = {(ng, A)}) rewrites into T/ = (N U
{mh, S U {(ng, m0)}, @ U {(n1, A))).
If ;1 satisfies T via h then u, h(ng) = ¢A, hence Jy € R(h(no)): 1,y = A; let 1
be such a y, and define h'(n1) = y1 and h'(ng) = h(ng). p satisfies T/ via b/, since
(W (no),h'(n1)) € R and p, h'(ny) = A.

Rule De: T = (N = {ng,n1},X = {(no,n1)},® = {(no, So), (n1,51)}) rewrites
into Y = (N U {na}, XU {(no,n2), (n2,n1)}, ® U{(n2,0)}).

If p satisfies T via h then (h(no), h(n1)) € R, and since R is dense 3z: (h(no), z) €
R and (z,h(n1)) € R. Let z2 be such a z and define h'(n2) = 22 and h'(n ) = h(n)
for n # ng. w satisfies Y’ via b/, since (h'(ng), h'(n2)) € R and (h'(n2),h'(n1)) €

R, and ®(ng) = 0.

For propagation rules, we just have to prove that we are done by taking h/ = h.

Rule 5_.: T = (N = {ng,n1,n2}, X = {(no, n1), (no, 2)} ® = {(ng, So),
(n1, 51 U {0OA}), (na, S2)}) rewrites into T = (N, %, ® U {(ng, 0A)}).
If 1 satisfies T via h then p, h(ng) E OA;
Also, since R is euclidean, we have:
w, h(ng) = O(0A — O0OA) (valid formula of euclidean models)
= p,h(n1) E OA — ODA (since (h(ng),h(n1)) € R)
= Hy h(nl) ': DOA (since M?h(nl) ': DA)
= u, h(ng) = ©GOOA (since (h(ng), h(n1)) € R)
= u, h(ng) F O0OA (COOA — OO0A is valid in euclidean models)
(n2)

= u, h(ng) E OA (since (h(ng), h(nz2)) € R).

Corollary 1.16 If A is (p; U p2)-satisfiable then it has an open (p; U p2)-tableau.
Hence our tableaux calculi are sound.

PROOF. If A is (p1 U pa)-satisfiable by some world x of some (p; U p2)-model p, then
its starting labelled RDAG: ({no}, D, {(no, A)}) is satisfied by p (via the embedding
h:ng — x). Hence, at least one of its (p; U p2)-tableaux must be open since no closed
tableau is satisfiable by pu. [ |

easily to other properties of group 1 (almost-reflexivity: Vx(ﬂu (u x) € R= (z,x) €
R), almost-transitivity: Vz,y, z,u ((z,y) € RA(y,z) € RA(z,u) € R) = (y,u) € R,

..). First complete the Relational Closure lemma ( E 3 ) and then check that the
closure under this new property of a pa-RGRAPH is still a pa-RGRAPH (Structural
lemma). Then design one or several rules for this property e.g. for almost-reflexivity,
the natural rule such as:
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S04 oS1,0A =—> S0, __ oS1,04,4

(it is obviously sound). Then prove that this/these rule(s) allow(s) to correctly prop-
agate formulas (Box lemma) with the help of the Relational Closure lemma.

For new properties of group 2 (like 3-density: (z,y) € R = Ju,v: (z,u) € RA(u,v) €
RA(v,y) € R), one must first define the underlying structure (here 3-dense RGRAPH)
and extend the Structural lemma (if possible). Then designing a corresponding sound
structural rule is straightforward, and completeness is for free.

2 Terminating tableaux for K4.C and K4.De

As they are defined, naive tableaux may run infinitely. As an example, a {Ser, Tr}-
tableau for OCp runs infinitely because of rules (4) and (<) that apply infinitely. In
this case, of course, the nodes generated all contain the same formulas and thus the
tableau loops.

2.1 The kernel approach

The basic idea once completeness has been obtained to get a decision procedure is to
find for each logic a so-called family of “kernels”: a kernel is simply a finite structure
able to simulate the infinite tableaux obtained with a naive algorithm that would just
implement tableaux as presented above. In this sense, it is well-known that kernels for
S4 (i.e. KT4) are finite trees (since no rule makes two sibling nodes having a common
successor). We will show below that kernels for KD4.C are finite sequences of finite
lattices, and we will show a similar result for KD4.De.
We will focus on two characteristic systems, namely KD4.C and KD4.De, it is straight-
forward to lift the present results to systems without axiom D, or with axiom T (that
subsumes axiom De), and with both axioms C and De. But first, we will apply it to
KD4: nothing new will be stated, but this will help in understanding the sequel.

In what follows we will use some conventions and notations that are presented here:

1. Given a tableau Y = (N, %, ®) and a rule (S) (among those that lead to add a
new node: (D), (¢), (De), (C),...) we will denote by N the set of nodes created
by applying this rule at some iteration, and dually, ©5 the set of edges created by
applying this rule;

2. For sake of simplicity, we decided to use bold-face symbols for those which concern
kernels, while naive tableau will be denoted by non-bold symbols (thus Y denotes
a naive tableau, while Y denotes a kernel).

2.2 Kernels for KD/

The set of rules that will be used is: all classical rules, and rules (D), (<), (K) and
(4). Kernels for KD4 are simply naive tableaux provided with a strategy that allows
to conclude that some tableau is open after only finitely many steps; this proves that
kernels for KD4 are finite trees. Let A be the starting formula, we get the following
non-deterministic (w.r.t. the order of application of the rules) algorithm that computes
a sequence (Y); of RDAG:

Starting from Yo = (Np, 3o, ®¢) where Ny only consists of one node r (the root), g



2. \TERMINATING TABLEAUX FOR K4.C AND K4.DE

65

is empty and ®( associate the formula A with r. Then compute Y; 11 = (N1, 341,
®,14) from Y; = (N;, X;, ®;) by applying successively each of the following steps:

1. Loop step: consider all nodes = € N; such that 3y € N; and y is an ancestor of x
(ie. (y,z) € ") and ®;(z) C ®,(y) and set them as loop nodes; (nodes that are
“contained” in one already present in the tree need not to be further developed)

2. Classical step: apply classical rules ((.L), (=), (V), (A)) on all nodes as much as
possible (also known as classical saturation: as usual, in a given node, a given
formula will be treated only once);

3. Structural step: apply rules (D) and (<) on each non loop node where they have
not been applied yet (As usual, rule (D) must be applied only once on each node
while rule (¢) must be applied once for each formula ¢ B of each node.);

4. Propagation step: apply rules (K) and (4) as much as possible.

The above algorithm must be applied until fqr some i, either Y is closed or Y;11 =Y
(i.e. there are loop nodes on each branch)a. As in the case of naive tableaux, the
tableau for A is said closed if all possible kernels for A are closed, it is open otherwise.

Theorem 2.1 The strategy given above is sound for KD4.

PROOF. Straightforward since the resulting algorithm is a fair restriction of the naive
one which is sound. [ |

For proving the completeness of this strategy, we need first to establish the following
lemmaP:

Lemma 2.2 Let Y =< N, X, ® > be a kernel of root r for A (obtained by the above
strategy) then there exists an naive tableau Y for A with Y =< N, X, ® > of root r
and such that:

(O)Vx e N:JueN
[@(x) C @(u) &
Yye N:JweN: ((z,y) € X = ((u,v) € L& P(y) C ®(v))]

PROOF. It is done by induction. Let

(@i)V$€NiZE|u€N
[@;(z) C B(u) &
Yy e N;:weN: (x,y) €X; =: ((u,v) € &P, (y) C ®(v))]

Induction base: True since ®¢(r) = {A} C ®(r), and Xy = 0.

Induction step: The induction hypothesis is (©;), we examine the rule that may lead
from Y; to Y1

We only treat rules | and V, the other classical rules are simpler.

Rule (L): let us suppose that rule L may be applied to some node z of N;, then
for some formula B, {B,—~B} C ®;(z) hence by IH: Ju : {B,-~B} C ®(u); thus
1 € ®(u), by rule (L).

5Since there are no backwards rules, rules (K) and (4) must be applied only in order to propagate formulas in new
nodes introduced at step 3.

-
6The whole completeness proof is standard (the reader may find details in [‘1_4] for example).
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Rule (V): let ®;(x) = S, AV B then by IH S C ®(u) and, AV B € ®(u), hence by
rule (V) C € ®(u) (for some C € {A, B}); then we set? ®,,q(x) = ®;(z) U {C}
and (©;11) holds.

Rule (©): let @;(z) = S, G A and suppose that applying rule (<) leads to introduce
y with ®,41(y) = A and (z,y) € X;41 then by IH: Ju € N : &,;(z) C ®(u) =
(Fu' € N: ®;(z) C ®(u') and v’ is not a loop node)

(since either u is not a loop node or it is a loop node but then there must be
another node v’ such that ®(u) C ®(u')) = S C ®(v') and CA € P(u')

=(by rule (¢)) ' e N: (v,0) e & A€ (V) = (Vit1)

Rule (D): As for rule (¢) but with ®;41(y) =0

Rule (K) —resp. (4): let (z,y) € ¥; & OA € ®,(x); by IH Ju,v € N : &,;(x) C
®(u) & P;(y) C ®(v) & (u,y) € X, since DA € P(u), by rule (K) —resp.(4)—-
A € ®(v) —resp. OA € B(v)-*£.

Theorem 2.3 The strategy given above is complete for KD4.

PROOF. The lemma 2.2 implies straightforwardly Vo € N : Ju € N : &(z) C ®(u).
Hence if Y is open then so is Y. [ |

Now we come to the termination argument which is standard:
Theorem 2.4 The strategy given above is terminating.

PROOF. Since there are finitely many subsets of the set of subformulas of the initial
formula A, and since each rule only introduces such subformulas, at some iteration
each branch in an open kernel should have loop nodes. [ |

Remark 2.5 The above argument is very rough and leads us to conclude that satis-
fiability for KD4 is exponential w.r.t. the input formula (since we gave an algorithm
that runs in exponential time using exponential space). This may be improved: it
is well-known that the complexity of satisfiability for KD4 is in PSPACE (see [i8]
for details), this is because any branch produced by the algorithm is in fact of poly-
nomial length (i.e. it contains a polynomial number of nodes), each node containing
polynomially many subformulas. Then, since the computation may be performed one
branch after the other (depth-first computation) only polynomial space is needed. In
other words, though a tableau may be exponentially large, it does not need to be
exponentially deep. In our case, we would have to modify our algorithm in order to
develop only one branch at a time. This may be done by applying rule (D) or (<)
only once and on only one node at a time.

2.3 Kernels for KD4.C

In this subsection, we give a terminating non-deterministic tableau calculus for the
system KD4.C, that can be straightforwardly modified in order to apply to K4.C and

7Note that we are proving that there ewists such a Yji1; this amounts, in the case of rule V to proving that there
exists a choice among A and B such that (©;4 1) holds.

8Note that because of point 4 of the algorithm, we are sure that propagation rules are applied at some iteration of
the tableau computation.
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For this we define a strategy to be applied on naive tableaux as defined previously;
the set of rules that is needed is: all classical rules, and rules (D), (<), (K), (4) and
(C) (rule (C*) is superfluous since it is subsumed by the rule (D)).

This strategy mainly consists of the following:

1. Compute a KD4-kernel (using only classical rules, and rules (D), (<), (K) and
(4)). This provides a finite tree (either closed or looping on each branch).

2. Create a successor common to each loop nodeb (we will call this node the anti-
root) and propagate formulas (rules (K) and (4)) into it. Then go back to step 1,
with the anti-root as the starting node (and as such, as the new root).

Stop the computation when: the tableau closes at any step, or if looping anti-roots
are generated.

The algorithm runs as follows:
Starting from Yo = (Ng, ¢, ®9) where Ny only consists of only one node r® (the
root), Xg is empty and ®, associate the formula A with rV.

1. Compute Yir1 = (Niy1,Xi1, ®ig1) from Y; = (N;, X, ®;) by applying the
strategy for KD4 only (i.e. by using only classical rules, and rules (D), (<), (K)
and (4)). In Y41, each branch loops (i.e. each of its leaves is a loop node), or
else, it is closed.

Let us denote by Loop; 1 the set of nodes of N;; that are loop nodes
2. Compute Y2 = (N2, 842, ®it2) from Y1 = (N1, g1, i11) by:
e N2 = N;; U{r*?} where r'*2 is a new node,
® Bit2 =i U{(2,r""?): 2 € Loopi1}
i (I)i+2(rz+2) = Ua:ELoole ((@“rl(x))m;
where S® denotes the set {A,0A:0A4 € S}

The above algorithm must be applied until for some 7 and some [, either Y; is closed
or ®;(r!) C ®;(r*<!), where r! denotes the last anti-root generated. This strategy is
graphically represented in figure :]:

The key feature of our algorithm is that it is sufficient to compute only a unique
common successors for each of the nodes of the KD4 kernel, and not one for each pair
of nodes that have a common direct ancestor. In some sense, the anti-roots sum up
all the information of the intermediary nodes (those we would get by naively applying
rule C). It should be clear that this property only holds because of transitivity.

Theorem 2.6 The strategy given above is sound for KD4.C.

PRrROOF. Straightforward since the resulting algorithm is a fair restriction of the naive
one which is sound. [ |

Now, for proving the completeness of the algorithm, the main tool is the following
lemma, which plays the same role for KD4.C as the lemma 2.2 for KD4(this l_eznma
assumes that the algorithm always terminates. This will be proved in lemma 2.9):

9See previous section
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aKD4 kern he fi i- r—| akbakem
the first anti-root starting from 1 qa(r')C_(D(rkd)

FiGg. 1. The strategy for KD4.C

Lemma 2.7 Let Y =< N, 3, ® > be a kernel for A, last of the sequence Yy, ...,Y;
(whose anti-root is r') obtained by the strategy given, then there exists a naive tableau
Y =< N,%,® > for A such that:

(M) Vz e N:JueN: ®d(x) C ®(u) and

y(
yif ((z,y) € £° then Jv € N s.th. (u,v) € T & ®(y) C ®(v)) and
if ((z,y) € X¢ then ®(y) C ®(x')))

NB: ©° and £€ are defined page p4.

PRrOOF. It is done by induction. Let

(M) Vr e N; : JueN: &;(x) C ®(u) and
Vy(
if ((z,y) € &Y then Jv € N s.th. (u,v) € T & ®;(y) C ®(v)) and
if ((,y) € B¢ then ®;(y) C ®(r'))).

Induction base: True since ®q(z) = {A} C ®(r°), and E§ = 2§ =
Induction step: The induction hypothesis is (#;), we examine the rule that may lead
from Y; to Y;41:

e Classical rules: As for KD4, it is straightforward to show that Y;; may be defined
such that (#;41) holds.

e Rule (©): In this case,
Niy1 = N; U {y} where y is a new node,
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Y1 =37 U{(z,y)} (rule (©) is applied on node ),
i+1 T ZC
D,11(y) = {A} (since CA € ®;(x))

Then, by IH: Ju € N : &;(z) C ®(u)
= Ju’ € N : &;(z) C ®(v') and v’ is not a loop node (since either u is not a
loop node or it is a loop node but then there must be another node u’ such that
D(u) C B(w))
= (by rule (¢)) ' eN: (v, v) eB& A€ PW) = (M;11).

e Rule (D): As for rule (¢) but with ®;14(y) =0

e Rule (4) and (K): In this item, r! denotes the last anti-root (which has no successor)
Let (z,y) € ¥; and ®;(x) = S,0A4 and ®;(y) = S’. There are two cases according
to whether (z,y) € X or (z,y) € £¢.
L. (z,y) € ¢

it is enough to prove that Ju,v € N : (u,v) € L& ;11 (x) C P(u) & P41 (y) C

®(v)

By IH, Ju,v : (u,v) € X & @;(z) C ®(u) & ®;(y) C ®(v), hence OA € ®(u)

= (by rule (4) and (K)) A,04 € ®(v)

= ®ip1(x) = Bi(z) C P(u) & Pit1(y) = Pi(y) U{A,0A} C 2(v);

2. (z,y) € B¢

it is enough to prove that ®;;1(z) C ®(u) & ®;41(y) C ®(r!), and there are

two subcases:

— Either u # r! : then by TH, OA € ®(u) & ®;(y) C ®(r!)
= A,0A4 € ®(r') & ®,(y) C ®(r!), by straightforward application of rule (4)
and (K), and the definition of the sets ®(r?).
= ®ip1(y) C B(r')

—Or u = r! : and then by IH, OA € ®(u) = ®(r!). Since r! is the last
anti-root, we have: ®(r!) C ®(rF<!) = 04 € ®(rF) = A,04 € &(r!)
(again by application of rule (4) and (K), and the definition of the sets ®(r?))
= Pit1(y) € B(r).

e Rule (C): This case is trivial since with N;11 = N; U{y} (y is the new node) and
;1 1(y) =0 C ®(r') we have (#;11).

||
We can now state:
Theorem 2.8 The strategy given above is complete for KD4.C.
PROOF. Similar to that of theorem 2.3. ||

Concerning the termination of the corresponding algorithm, we have:
Theorem 2.9 The strategy given above is terminating.

PRrROOF. Our algorithm consists of two nested while-loops: for the inner one, the
argument is as for KD4, concerning the outer one, the argument is nevertheless the
same, there are finitely many distinct sets ®(r'), hence some loop must appear. [l

Again, this only gives a bad upper bound for the complexity of satisfiability for KD4.C:
it is at least in EXPTIME. We improve this decidability result:
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Theorem 2.10 The complexity of satisfiability for KD4.C is in PSPACE.

PROOF. Since there exist PSPACE algorithms for KD4, it is clear that the inner while-
loop of our algorithm may use only polynomial space (but exponential time) if we
adopt any PSPACE algorithms for KD4. Moreover, the next anti-root (provided the
current tableau does not close) may be computed by updating it each time we obtain
a loop node in the inner while-loop (we do not need to compute all the loop nodes
first). Concerning the outer while-loop of our algorithm, we only need to memorize the
branch consisting of the anti-roots that have been generated: then Ladner’s argument
still apply and only polynomially many anti-roots may be generated before being
included in some previous one. [ |

2.4 Kernels for KD4.De

In this subsection, we give a terminating tableau calculus for the system KD4.De,
that can be straightforwardly modified in order to apply to K4.De (Note that the
system KT4.De is the same as KT4 i.e. S4).

The algorithm consists in using a modified rule for the treatment of density, to-
gether with the loop step of KDJ (cf. p. b5).

Consider the new following rules:

Rule (DP°):
S@ rewritesinto Se——00

k4
Rule (OP¢):

SOA @ rewritesinto S, QA O\T>O A
=

These two rules introduce what we call here reflexive nodes w.r.t. the other nodes
that we call non reflerive nodes. These two new rules only apply on non reflexive
nodes (of course they apply only once), while usual rules (D) and (<) apply on reflex-
ive nodes. Thus the set of rules for KD4.De is: all classical rules, and rules (K), (4),
rules (OP¢) and (D) for non reflexive nodes, and rules (D) and (<) for reflexive
nodes.

We will prove below that this set of rules is both complete and sound: as a con-
sequence, in order to handle density (together with transitivity) one just need to
consider models with only one intermediary world having a reflexive edge. In other
words, the sequel will also prove that KD4.De is characterized by the Kripke frames
(W1, Wa, R) where: Vz € Wa : (2,2) € Rand Ve,y € W1 : (z,y) € R= 3z € Wy :
((x,2) € R& (z,y) € R), that is to say, frames where there are two kinds of worlds
(non reflexive ones and reflexive ones) such that the accessibility relation is reflexive
on reflexive ones, and there is always a reflexive node between two non reflexive ones.
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The algorithm we propose is the same as that for KD4, but using rules (&) and
(D), or (©P¢) and (DP¢) according to the type of node (reflexive or not). Also, a
node in this algorithm is not considered as its own ancestor (otherwise the loop step
would apply immediately!).

It must be applied until for some i, either Y; is closed or Y,11 = Y; (i.e. there are
loop nodes on each branch).

For convenience, we introduce here the notion of constrained naive tableauz, which
are naive tableaux such that each application of rules (D) or (<) is followed by
an application of rule (De): this amounts to introduce the two rules (D+De) and
(&+De) in place of (D), (¢) and (De). Of course, a constrained naive tableau is a
naive tableau.

For proving completeness, we rely (as in the case of KD4) on the following lemma:

Lemma 2.11 Let Y =< N, X, & > be a kernel for A (obtained by the above strategy)
then there exists a constrained naive tableau Y for A with Y =< N, Y, ® > and such
that:

O)VzeN:JueN
[®(2z) C ®(u) and
Vy € N :3v € N s.th.
if ((z,y) € X then ((u,v) € T & ®(y) C @(v))]

PRrOOF. It is again done by induction. Let

(@i)V$€NiZE|u€N
[®;(x) C ®(u) and
Vy € N; : Jv € N s.th.
if (x,y) € ¥; then ((u,v) € X & D;(y) C ®(v))]

Induction base: True since ¥y = 0.

Induction step: The induction hypothesis is (©;), we examine the rule that may lead
from Y; to Yi41: concerning the classical rules, rules (K) and (4), the proof is similar
to that of KD4, we only consider the case of rule (D + De) (the case of rule (D + <)
is similar):

Rule (D+De): Let € N; and y, z be two new nodes such that: N;11 = N;U{y, z},
E?—i—l = E? U {x,y}, E]i)-ie-l = Z]i)e U {(J),Z), (Zay)v(zvz)}v (I)i-‘rl(x) - (I)i(x) and
®,11(y) = P;41(2) = 0, this corresponds to applying rule (D) and then rule (De).

We just have to prove that (©;41) is true for (x,y), (z,z) and (z,y) respectively,

i.e. we must give three pairs of nodes of 3 that satisfy (©,41)

By IH, Ju € N : ®;(z) C ®(u)

— If w is not a reflexive node: = (by rule (D”¢)) Jv,w € N : &, (x) C ®(u)(since
x is unchanged) and ®;41(y) = 0 C ®(v) and P;41(z) = 0 C ®(w); moreover
we have: (u,v), (u,w), (v,w), (w,w) € X
We are done with the pairs (u,v), (u,w) and (v, w) respectively.

—If u is a reflexive node: = (by rule (D)) Jv € N : ®;14(x) C ®(u)(since z is
unchanged) and ®;41(y) = @ C ®(v); moreover we have: (u,u), (u,v) € X
We are done with the pairs (u,v), (u,u) and (u,v) respectively.
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[ |

Theorem 2.12 The strategy given above is complete for KD4.De.
PROOF. Direct consequence of the lemma, ?:1:],' [ |

It remains to prove the soundness of the algorithm: contrarily to the case of KD4.C
and KD4, soundness must be proven since it is not a restriction of the naive one (but
it is fair). To this aim, we will prove below that if there exists an open tableau for A,
then there exists an open kernel for A.

In order to establish the proof of this we need some additionnal considerations.
Given a naive tableau Y =< N,¥ > we define the sets bet(z,y) to be the set of
nodes of Y which are between x and y by:

Definition 2.13 Let Y =< N,¥ > be a naive tableau, for all z, y € ¥ we set:
bet(z,y) = {z € N:(x,2) € T & (2,y) € X7} ie. the set of nodes which are
descendants of x and ancestors of y.

We also need the following fact:

Fact 2.14 Let Y =< N,X,® > be a naive tableau for A (open or closed), then
Vz,y € N© if (z,y) € X¥° then Ju,v € bet(z,y) s.th. (u,v) € Tt & ®(u) = ®(v)

PROOF. Direct consequence of the facts that there is a finite number of subsets of
subformulas of A and that there are infinitely many nodes between such z and y. W

Remark 2.15 Let us now consider infinite kernels (i.e. structures obtained by ap-
plying the above algorithm without the loop step - cf. p. 55) it should be clear that
if there exists a open infinite kernel (for A) then there exists a finite one (note that
nodes are finitely branching): we just have to cut the infinite branches at the loop
nodes by applying the loop step. Thus we only have to show that from the open naive
tableau Y, we can build an open infinite kernel Y.

As in preceeding subsection we state and prove an intermediary lemma:

Lemma 2.16 Let Y =< N,X,® > be a naive tableau for A of root r then there
exists an infinite kernel for A of root rr and denoted by Y =< N, 3, ® > such that:

() VzeN:JueN
®(x) C P(u) and
[Vy € N:3Jv € N s.th.
if ((2,y) €
then ((u,v) € T & B(y) C P()) & (x =y = P(u) = (v))]

PRrROOF. This is again proved by induction, let:

(&i)VxGNi:EIUGN
®,(z) C ®(u) and
Vy € N; : Jv € N s.th.
if ((xvy) € E’i
then ((u,v) € 2T & ®i(y) CP(v)) & (z =y = P(u) = P(v))
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Induction base: True since Ny = () and ®¢(rr) = @ C ®(r). Induction step: The
induction hypothesis is (é&;), we examine the rule that may leads from Y; to Y,
We only treat the non-classical ones, classical cases are similar to those of previous
proofs.

In order to simplify the notation, we will abbreviate the conjunction
P;(z) C P(u) & Pi(y) € 2(v) by (2,9); C (u,v).

Rule (OP¢)- rule (D) is similar— suppose rule (GP€) is applied on node
x , thus (with the two new nodes y and z) we have: N;;1 = N; U {y,z},
Ein =5 0U{(z,y), (2,2), (2, 2), (2,9)}, Pit1(2) =0 and P,41(y) = {A}:
then by TH, Ju € N : ®;(x) C O(u)
= (by rule (<)) Jv: (u,v) € L& ®;11(y) = {A} C O(v)
= (by rule (De) infinitely many times) Jwg,w1,...: (u,w;) € ¥ & (wo,v) €
Y& (wiJrl, wi) e
= Jwy, wi: (u,wy) € T & (w, wy) € BT & (wy,v) € B+ & P(wy) = ®(wy) (by the
fact 2.14)
Then, we have: (z,y)i+1 C (u,v), (z,2)iy1 C (v, wg) C (u,wy) & ®(wy) = ®(w;)
and (Zay)i-i-l - (wlav)
Rule (4) and (K): Let ®;(z) = 5,04 & ®;(y) = S’ and (z,y) € ;. There are two
cases according to whether x = y (reflexive node) or not.
z #y: By IH, (z,y); C (u,v) and (u,v) € ¥ hence OA € ®(u) and by rules (K) and
(4), 04, A € B(v);
r=y: ByIH, (z,2); C (u,v) and (u,v) € X* hence OA € ®(u) and OA € ®(v), thus
by rules (4) and (K) we have A € ®(v) and then A € ®(u).

Lemma 2.17 Let Y =< N, X, ® > be an open naive tableau for A, then there exists
an open kernel for A.

PROOF. Direct_consequence of lemma 2: 1:6 and by the remark about the infinite ker-
nels (cf. page y2). ||

We can now state:
Theorem 2.18 The strategy given above is sound for KD4.De.
PROOF. Immediate consequence of lemma :'2:1:7: [ |
And concerning the termination of the corresponding algorithm, we have:
Theorem 2.19 The strategy given above is terminating.
PROOF. The argument is now exactly the same as for KDA4. [ |

Again, this only gives a bad upper bound for the complexity of satisfiability for
KD4.De: it is in EXPTIME. We improve this decidability result:

Theorem 2.20 The complexity of satisfiability for KD4.De is in PSPACE.

PROOF. The proof is the same as for KD4, we just have to modify the notion of
branch: here a branch is the longest path from the root to a leaf (thus including
reflexive nodes). | |
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3 Complete tableaux for some bimodal logics with
permutation and/or confluence

3.1 Modal logics and relational properties

The language of our bimodal logic have O,, Oy,... and <4, <y,... as additionnal
connectives w.r.t. classical logic. As usual, ¢, and Oy abbreviate -O,— and —0y—.
Thus we will use the same axioms as above but with indexes a or b.

We investigate some systems based on K(a,b) plus some of the axioms below.
Among them, axioms involving both modalities are known as interaction axioms.
As in the monomodal case, with each of these axioms can be associated a relational
property of the accessibility relations of the Kripke models (which are of the form
(W, Ra, Ry, m) where R, and Ry, are binary relations over W):

Axiom Property Notation
To=0.p—p reflexivity | Refq
4, = O,p — O0,0,p | transitivity | Tr,
Ty, = 0Opp — p reflexivity | Refs
4p = Opp — OpOpp | transitivity | Try

Group 3: Properties handled by propagation rules

Axiom Property Notation
D, = Oup — $up seriality Serq

De, = Oup — OO0 density Dens,
Co = <20.p — 0,0.p | confluence Confqg
Dy = Opp — Oypp seriality Serp

Dep = Opp — Oppp density Densy,
Cp = OpOpp — OpOpp | confluence Confy
Per = O0,0up < O,0,p | permutation | Per

Cap = OpOap — O,$Opp | ab-confluence | Confqp

Group 4: Properties handled by structural rules

Where properties Per and Conf,p are defined by:

® Per:
Ve, y,z: ((z,y) € Ro&(y, 2) € Ra) — (Fu: (z,u) € Ra&(u, z) € Ry)), and
Va,y,z: ((z,y) € Ra&e(y, 2) € Rp) — (Fu: (z,u) € Rp&(u, z) € Ra))

or RbORa = RaORb
® Confap:
Va,y,z: ((z,y) € Ro&(z,2) € Ra) — (Fu: (y,u) € Ra&(z,u) € Ry)),

or R_bORa = RaOR_b

As a consequence of Sahlqvist’s theorem [2-4], a system based on K(a,b)+Per plus
any combination of these axioms is characterized by the Kripke models (W, Ra, Ry,)
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whose accessibility relation satisfies the corresponding properties. Decision proce-
dures for systems based on K(a,b) plus non-interaction axioms are treated in [5], and
those based on K(a,b) plus interaction axioms of the form Opp — Oap in [#]. The
system K(a,b)+ Per+ Confqp, is also known as the weakest product modal logic Kx K
investigated in [I4].

3.2 Preliminaries and notations

Definition 3.1 A labelled p-RDAG is a triple (A, 3, ®) as in the monomodal case but
where ¥ is partitionned into X2 and XP°.

3.8 Rules

Some rules are the same as for the monomodal case but with indexes, e.g.

o Rule (Cp): ©2h %= 0,4,5, 2 44
e Rule (0,): 0.4,S4 2 ¢S1 = 04,5, 2 44,51
o Rule (45): 0.A,5¢ 2 ¢S1 = 0.4,5, 2 40.4,51

e Rule (D,): S, = S, 2,0

e And as well for rules (Cy), (Oy), (4p) and (D).

In addition, in order to handle the permutation properties, we will use the following
structural rules:
S1 S1

e Rule Perpy: 5022, 52 — so.{}.sz
]
s1 s1
e Rule Pergy: 50, 2"L 50 — so.<;i>52
a
0

Rule Conf 4y is the ab-version of rule Cf.

In order to define a tableau calculus for a logical system, we must associate a set
of rules with it. Tableaux calculi we are going to define contain:

e Classical rules

e Rules ¢, and <y

e Rule O, and Oy

e Rules corresponding to the axioms of the system.
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3.4 Complete tableauz

Of course, in these cases, our Relational Closure lemma, (:_1-._!?!!_)_5_‘5111 holds, and our
Fundamental lemma (1.1%) holds as long as our Box lemma (1.11}) holds too. Thus
completeness of tableaux calculi will hold if both the Box lemma and the Structural
lemma (:_1-_-7|) hold. It is straightforward with these properties (as well as for symmetry

and/or euclideanness) to check that the Box lemma indeed holds:

Lemma 3.2 Let T = (N, X2 3" ®) be a (p; U pa)-tableau with root r. Let x,y be
such that (z,y) € (X2)?* and O, A € z; then A € y. The same holds for (z,y) € (X°)**
and Oy A € z.

PROOF. This is trivial since in the case of the properties we consider, we have (X2 U
YP)P1 = (X2)P1 U (XP)Pr. Other difficulties would arise if one consider closure proper-
ties that involve both relations, e.g. euclideanness of ¥ U ¥, symmetry of ¥2 N XP®,

What about the Structural lemma (3)? It holds in fact as it is in the case of clo-
sure under reflexivity and transitivity (and the proof is the same), but needs some
additionnal requirements to hold for closure under symmetry or euclideanness: for ex-
ample, in the case of closure under symmetry, if ¥ = ¥2UXP satisfies ¥PoX? = ¥20XP
then 3! does not and some structural rules need to be added !

Lemma 3.3 Let p2 be a subset of properties of group 4, let p; be a subset of group
3 and let ¥ = X2 U XP® be a po-RGRAPH over a set N of nodes. Then ¥ is also a
p2-RGRAPH and hence is a (p; U p2)-RGRAPH.

PROOF. We only treat one example: Confqp, € p2 and Tr, € p;.

By hypothesis, we have SPoX2 = %203, and we must prove that:XbToX2 C S2oyp™
since R 1Ta — o yxa, , 4 o

But, Y Toya — Tp oy — U,sq TP'0X2 C [J,o, X20XP" = 52030 (by straightfor-
ward induction). The proof is similar for Per, and is the same as in the monomodal
case for the structural properties D,, De,, C,, and their b-versions. For other prop-
erties of group 3 (than Tr,) the proof is the same (7r;) or simpler (Refq, Refy). N

Thus, for bimodal logics of permutation containing in addition any axiom listed

in groups 3 and 4 above, we obtain sound and complete naive tableaux very easily
(proof of soundness is straightforward).
About termination, as they are, naive tableaux terminates for systems not containing
Tro nor Try because of the decrease of the modal degree of formulas contained in
nodes, but with probably very high complexity (it is conjectured in [:_19‘] that even the
simple K(a,b)+Per+Confq, may be of non-elementary complexity). At the moment,
it is not known whether K(a,b)+ Per—+ Conf qa, + Trq+ Trp is decidable ([:_19‘])

4 Lotrec: a generic theorem prover

The above generic approach has been a theoretical basis for the development of the
generic modal theorem prover Lotrec at the Institut de Recherche en Informatique de
Toulouse. Tt is described in [{(] and may be downloaded at
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http://www.irit.fr/ACTIVITES/LILaC/Lotrec.

It has been designed in order to answer the need for designing provers for new modal
logics. In general, most implementors of provers for modal logics put the emphasis on
performance, and thus have restricted their prover to few fized logics, hacking logics
and strategies in their systems.

The choice of one logic over another among possibly infinitely many modal logics
is driven by modeling needs and computational constraints of one’s applications. A
logic about actions and time is likely to have different semantical and computational
properties from a logic about database schemata. Even with the same logic, different
search strategies may be needed for different applications.

To answer the needs of users wishing to experiment and model with different logics
or strategies there is a need for a generic theorem prover for modal logics playing the
same role as Isabelle [23] or PVS [24] for higher order logics, while being less complex. If
the user is not the same person as the programmer of the prover, one needs flexibility
and portability of the implementation, high-level languages for tableau rules and
strategy definition and user-friendly interfaces.

Lotrec is such a generic tableau prover. It aims at covering all logics having possible
worlds semantics. Lotrec has been implemented by D. Fauthoux [11]. Tt is written in
Java. All entities are modeled as objects, in particular the tableaux, the nodes and
links of a tableau, the tableau rules, and the strategy. Within such an object-based
programming language, Lotrec raises Java’s event-based architecture to a declarative
approach, in order to be able to manipulate and manage the computation in an easy
but strict way.

In Lotrec, tableaux are generalized to graphs in order to enable complex modal logics
such as that of confluence, or multimodal logics with complex interactions between
modalities.
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A Some properties about binary relations

In these appendix, we will make use of relations (binary relations) and rooted relations instead of
graphs and rooted graphs. The set of all relations over a given set will be denoted by R while that
of rooted relations will be denoted by RR.

Definition A.1 Let R be a relation over a set A': R(z) will denote the set of nodes accessible from
by R: R(z) = {y € N:(z,y) € R}, R will denote its inverse, Rt will denote its transitive closure and
R* its transitive and reflexive closure. Also, R™ will denote the pairs (z, y) such that there is a path of
length n between 2 and y. The diagonal relation: {(x,z):x € A’} will be denoted by I and also by R°.
The composition of two relations R and S (which is defined as {(z,y): 3z(z, z) € R and (z,y) € S}
will be denoted by (RoS). The total relation A2 is denoted by . The empty relation is denoted by O.

Property A.2 (About R) Let R, S and T € R, let p be a subset of group 1:
L RT = U¢>1 R




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

R+ =R"'
R =R
. (Rut =R*

. (RUS)oT = (RoT) U (SoT)

To(RUS) = (ToR) U (ToS)

It=1r=1=1

If R # O then RoR # O

If R # O then UoRold =U

(R™)T C (RT)" (for n > 0)

R C RP (growth)

R C S = RP C SP (monotonicity)

If P € p then (R?)P = RP (idempotence); and of course: (RP)? = RF
R is reflexive iff I C R

R is symmetrical iff R C R

R is transitive iff R2 C R

R is euclidean iff (RoR) C R, or iff (RoR) C R
R is dense iff R C R?

R is serial iff I C (RoR)

R is confluent iff (RoR) C (RoR)

R is rooted iff (R oR*) =U

R is connected iff (RU R)* = U, and rooted implies connected.

79

PRrROOF. All are well-known or obvious properties except maybe 14 for which it suffices to prove that
(RQ)Jr C (RT)*

(U >1 RZ (Uz>1 UiZl RZ) = Uizl UjZI(RiORj)
UiZl UjZl RHﬂ) - Ui22(Rl), .

and, (R?)* = Ui>1 R C U¢>2(RZ)

Property A.3 (About RR) Let R € RR:

1.

2.

Let p be a subset of group 1 then R’ is also in RR.

(EJroRJr oR' oR1T) = (E+OR+)
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3. 1f (RoR) C (RoR) then (R oR*) C (RToR')

4. (R"oRT)* = (R"oR™)

PROOF. 1. Trivial since the root r of R is still a root in RF.

2. If R = O then 2 holds trivially, else we have:
(E+OR+OE+OR+) = (RoR"oR*oRoRoR oR*oR) = (RolloRoRoldoR) = (RoldoR); (since R #
O = RoR # 0) = (RToR")

3. We show that (RoR) C (RoR) = Vk,1 > 1: (R"oR!) C (R'oR") by induction on k + L.
Induction base:
if kK + 1 = 2, the property holds by hypothesis.
Induction step:
if k> 1 then (R'oR!) = (RoR" 'oR!) C (RoR'oR" ")( by IH) C (R'oRoR"~
(R! oﬁk).
else if k =1 and ! > 1 then
(R*oR') = (R*oRoR"1) C (RoR"oR'"1)( by IH )
C (RoR'"'oR")( by IH ) C (R'oR").

Y (byIH) C

4. Tt suffices to show that (R oRT)2 = (E*OR"'l: _
If R = O then it holds trivially, else we have: (R oR*)? = (R oR*oR)? = (UoR)? = (UoRoUoR) =
(UoR) = (R"oR™).
|
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B Properties of closure operations

Lemma :_1-_% (Relational Closure Lemma) . .
This lemma stated on page 50 is a straightforward consequence of the lemmas B. 1 and :_B_E'i below.

Lemma B.1 (Closure under one property) Let R € RR:
1. Rfef = RUI

2. RSY™ = RUR
3. RTm = Rt

4. RFuel = RU (R oR")

PROOF. Only 4. is not obvious and well-known (it uses the fact that R has a root). We prove it by
showing:
i) RU(RToRt) C RFuel

ii) RU (R oR™) is euclidean
and we will get the conclusion since RF%¢! is the least superset of R being euclidean and, as such, it
contains any other euclidean superset of R. ,
i) First we prove by induction on i + j that Vi, j: (R oRY) C (REucloREuel),
Induction base:
i+j=2ie i=j=1 (RoR) C (REucloRFucl) (since R C RF“¢! and hence R C RFucl),
Induction step:
if j > 1 then
(R'oR?) = (R'oRI=10R) C (REucloREucloR) (by TH) C (RFucloR)
C (RPucloREucly (by growth).
else
if j=1and ¢ > 1 then
(R'oR)) = (RoR'~'oR/) C (RoRFueloRPue!) (by IH) C (RoRPu!)
C (REucloREucl)'

. —+ —i ; —i s
Now, since (R oRt) = (Ui21 R )o(U],21 RI) = Ui,j21(R oRJ)
g Ui,jZl(REuCZOREUCl) — (REuclOREucl) g REucl:
we obtain RU (RToR*) C RU RBuel C RBucl,

ii) We show that indeed R U (l_2+ oR™1) is euclidean by using lemma :_A::q:
(RU(R'oRM))o(RU(R oR)) = (RU (R oR*))o(RU (R oR"))

= (RU(RToR))o(RU (R oRt)) = (RU (RToRM))o(RU (RToR™))

= (RoR) U (EOE+ oRT)U (E+OR+ oR) U (E+OR+ OE+OR+)

C (E+OR+) U (E+OR+OE+OR+)

(since (RoR), (}_ZOEJ'_OR"') and (l_2+oR+oR) C (I_2+0R+))

C (RToR*) (Abour RR: 2) C RU (RYoR™). .

Thanks to the previous lemma, we know how to compute the closure of an RR under one property
of group 1, but how to do it for several properties ? The following lemma will provide us with a
tool for this computation. It states that if some fix-point is reached by performing alternatively the
closures under each of the properties of some subset p of group 1, then this fix-point is the closure
under p. Before, we recall that if p = {P1,...,Pn} is a set of properties, a relation S is said to be
the p-closure of some relation R (i.e. S = RP) if and only if S is the least relation containing R and
closed under each P;.
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Lemma B.2 Let p = {P1,...,Pn} be a subset of group 1, and R € RR. Let Ry = R and
Riy1=¢(... (Rf1 )...)Pn; then if there exists m such that Ry, 11 = R then Ry, = RP.

PROOF. We have by growth:

Rm C RII C (R NP c...C(... ((Rﬁl1 yP2).. )P» = R,11. Now, since Rpm, = Rm+1 it comes:
Ry, = Rm yfor1 <i<n (otherwise growth would be falsified) and thus Ry, is closed under each P;
(1 <i<n). Hence Ry, is closed under p. To conclude, take note that RP is the least superset of R
closed under p and as such is contained in R,, which, in its turn, is contained in RP since Ro C R’
(by growth) and R; € R? = R;y1 C (... (((RP)P1)P2)..)P» = RP (by idempotence). |

Lemma B.3 (Closllre under several properties) Let R be any RR:
1. RRef:Sym = RURUT

2. REeSTr = (RUI)T

3. REef.SymTr — (RURUI)T

4. RSvymTr = (RUR)T

5. RTr FEucl _— gR OR+)
Due to lemmadl. 6 the other cases reduce to one of the previous.

ProoOF. We indicate a closure by some property p by £

1. Case of REef.Svm. REL p 1T RUTURUT = RURUTZL RURUI. A fix-point has been
obtained.

2. Case of RReFTr. REL p 1 X% — (run*EL (RUNTUT = (RUDT = R*.

3. Case of RRef:SymTr. REL o case 1 2L RURU I;T>(RLJEUI)Jr
Bl (RURUDYUI = (RURUI)* = (RUR)* =U 22U Ul =U = (R"oR").

Sym Sym

4. Case of RS¥™Tr. R (RUR) 22 (RUR)T 2 (RUR)T U(RUR)*
— —+
=(RUR)TU(RUR) =(RURTURUR*T =(RUR)T
5. Case of RTT Bucl, g% gt BY _ gt U (RF)To(RT)T) = RT U (R oR™)

= (R'oR*T) 2% (R oR*)* = (R oR*) (About RR: 4).
|

We need to prove now the stability of group 2 with respect to closure under several properties of
group 1. We first prove the following lemma, concernlng this stability with respect to closure under
one property of group 1, and then (lemma ll 7 ) shows that the same holds for several properties.

Lemma B.4 Let p3 be a subset of group 2, p; a property of group 1, let R € RR satisfying p2 then
RP1 is in RR and satisfies p2; hence it satisfies p1 U pa2.

PROOF. The proof is case-based:
Case p2 5 Ser: Immediate since R C RP! (by monotonicity).

Case p2 D Dens: we must show that RP1 C (RP1)2:

— If p1 = Ref: Trivial since reflexivity implies density;

— If p1 = Sym:
(R°1)?2 = R2 U (RoR) U(RoR)UR> D R2UR" D RUR,
hence (RP1)2 D RUR = Rr1;
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—If p1 = Tr:
(RP1)2 = (RT)2 D (R?)* (About R: 14) D Rt = Rr1;
— If p1 = Eucl: Trivial since euclideanness implies density;
Case p2 3 Conf: we must show that (RPToRP1) C (RP1ORPT):
— If p1 = Ref:
(RProRP1) = (RUI)o(RUI)) = (RUI)o(RUI) = (RoR)URURUI
C (RoR) U RURUI (since R is confluent)
On the other hand, (RP1oRP1) = (ROR) U RURU I
hence (RP1oRP1) C (RP1oRP1);
— If p1 = Sym: Trivial since symmetry implies confluence;
—If p1 = Tr:
(ReioRP) = (RToR*) C (RToR ") (About RR: 3) = (RP1oRPT)
— If p1 = Eucl: Trivial since euclideanness implies confluence.

Lemma B.5 Let p2 be a subset of group 4 containing Per, let p; be a property of group 3 and let
¥ = 32 U XP be a p2-RGRAPH over a set N of nodes. Then £P! is also a p2-RGRAPH and hence is a
(p1 U p2)-RGRAPH.

PRrROOF. For properties among {Serq, Sery,, Densq, Densy,, Conf ,, Confy} the proof is the same as in
lemma 3.4, It remains the case of Per(we only examine the cases of Ref, and Trq):

o If p1 = Ref ,: (£2)P1o(EP)P1 = (Z2UT)oXP = (X20XP)U (JoXP) = (EPoX2)UTP = (EP)P1o(X2)P1;
o If p1 = Tra: (32)P10(SP)P1 = (52)oxP = (|, ., (52)")ox® =

Uns1 (Bm)052) = [, 5, (BPo(22)m) = (5P)rro()er

Lemma :17: (Structural Lemma)

Let p2 be a subset of group 2, p1 a subset of group 1, let R € RR satisfying pa then RP! is in RR
and satisfies p2; hence it satisfies p1 U p2. This lemma extends straightforwardly to the bimodal case
w.r.t groups 3 and 4.

PRrROOF. If p;1 is empty it is trivial. Now suppose (IH1): the lemma is true for some pi1; let P
be a property of group 1; we must prove (C): the lemma holds for p; U {P}. But RP1Y{F} is
the fixpoint of the sequence (((...((R°1)F)P1)F..)P1)F that will be denoted by ((R°*)F), times
where n is the number of closure operations to be done before to reach the fixpoint. If n = 0 we
trivially have (C). Now suppose (IH2): (C) holds for N, we must prove that it holds for N 4+ 1. We
have: ((Rpl)P)NJrl times = ((B")P)y times )7*)7. By (IH2),_((R*)")y times satisfies po,
then by (IH1) (((R1))y times )*! also satisfies p2 and by lemma :_8_4 ((((RPHYT) y times )P)T =
((RPr )P)N+1 times Satisfies p2 too.



